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Abstract
We study the implications of the experimental results on the µ→ eγ decay rate and the
muon anomalous magnetic moment, on muonic lepton flavor violating processes, such as
µ→ 3e and µN → eN . We use a model independent approach in this analysis, where these
processes are considered to be loop induced by exchanging spin-1/2 and spin-0 particles.
We explore two complementary cases, which has no or has an internal (built-in) cancellation
mechanism in amplitudes. Our main results are as following. (a) Bounds from rates are
used to constrain parameters, such as coupling constants and masses. These constraints can
be easily updated by simple scalings, if the experimental situations change. (b) The muon
g−2 data favors non-chiral interactions. (c) In µ→ 3e and µN → eN processes, Z-penguin
diagrams may play some role, while box diagrams contributions to µ → 3e are usually
highly constrained. (d) In the first case (without any built-in cancellation mechanism),
using the recent µ → eγ bound, we find that µ → 3e and µN → eN rates are usually
bounded below the present experimental limits by two to three orders of magnitudes in
general. Furthermore, by comparing ∆aµ and B(µ → eγ) data, the couplings of µ and e
are found to be highly hierarchical. Additional suppression mechanism should be called for.
(e) In the second case (with a built-in cancellation mechanism), mixing angles can provide
additional suppression factors to satisfy the ∆aµ and B(µ→ eγ) bounds. While the µ→ 3e
rate remains suppressed, the bounds on µN → eN rates, implied from the latest µ → eγ
bound, can be relaxed significantly and can be just below the present experimental limits.
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I. INTRODUCTION
Charge lepton flavor violating (LFV) processes are prohibited in the Standard Model (SM) and,
hence, are excellent probes of New Physics (NP). Recently the search of µ→ eγ decay was reported
by MEG collaboration giving [1]
B(µ+ → e+γ) ≤ 2.4× 10−12. (1)
The bound is several times lower than the previous one [2]. This result received a lot attentions (see,
for example, [3–5]). In many New Physics models this decay mode is closely related to other lepton
flavor violating processes, such as µ+ → e+e+e− decays and µ−N → e−N conversions [6]. The
present limits and future experimental sensitivities [1, 2, 7] of these LFV processes are summarized
in Table I. Note that present bounds on µ LFV rates are roughly of similar orders. It will be
interesting to see what are the implications of the new B(µ→ eγ) bound on these LFV processes
and the interplay between them.
Since 2001, the muon anomalous magnetic moment remains as a hint of a NP contribution (see,
for a review, [8]). Experimental data deviates from the Standard Model (SM) expectation by more
than 3σ [2]:
∆aµ = a
exp
µ − aSMµ = (287± 63± 49)± 10−11. (2)
Since NP contributes to ∆aµ and B(µ+ → e+γ) through very similar loop diagrams [see Fig. 1(a)
and (b)], it is useful to compare them at the same time.
The Large Hadron Collider (LHC) is working well. So far no NP signal is found (see, for
example [9]). Plenty of well studied NP models or scenarios are ruled out or cornered. Therefore,
it will be useful to study low energy effect, when the NP scale is still beyond our reach. Given the
present status on NP models, we believe that it is worthy to use a model independent approach.
In this work we consider a class of models that muon g − 2 and various muon lepton flavor
violating processes, such as µ→ eγ, µ→ 3e and µ→ e conversions, are loop-induced by exchanging
spin-1/2 and spin-0 particles. We try to see where the present g − 2 and µ → eγ experimental
results lead us to on estimating rates or bounds on various LFV muonic decay modes and the
interplay between them. Two cases, which are complementary to each other, are considered. In
the first case, there is no any built-in cancellation mechanism among amplitudes. The second
TABLE I: Current experimental upper limits and future sensitivities on various muonic LFV pro-
cesses [1, 2, 7].
current limit future sensitivity
B(µ+ → e+γ) < 2.4× 10−12 10−13
B(µ+ → e+e+e−) < 1.0× 10−12 10−14 − 10−16
B(µ−Ti→ e−Ti) < 4.3× 10−12 10−18
B(µ−Au→ e−Au) < 7× 10−13 10−14 − 10−16
B(µ−Al→ e−Al) · · · 10−16
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FIG. 1: (a) and (b): Penguin diagrams that contribute to muon g − 2, µ+ → e+γ, µ+ → e+e+e−
and µ−N → e−N processes. Note that diagrams involving self energy parts are not shown. (c)
and (d): Box diagrams contributing to the µ+ → 3e process. Figure (d) takes place only when
ψm,n are Majorana fermions.
case is with some built-in mechanism, such as Glashow-Iliopoulos-Maiani (GIM) or super GIM
mechanism. These two cases will be compared.
The lay out of this work is as following. In the next section, the framework is given. Numerical
results are presented in Sec. III, where bounds from rates are used to constrain parameters,
such as coupling constants and masses. Correlations between different processes are investigated.
Discussion and conclusion are given in Sec. IV and V, respectively. Some formulas and additional
informations are collected in Appendices.
II. FRAMEWORK
In this section, we begin with introducing the lagrangian of a generic interaction involving lep-
tons, exotic spin-1/2 fermions and spin-0 bosons. Formulas of processes of interested, discussions
on subtleties on the calculation of the Z-penguin amplitude and explicit expressions of Wilson coef-
ficients will be given subsequently. This section end after the formulation of the two complementary
cases as briefly mentioned in Sec. I.
3
A. The interacting lagrangian and diagrams
The lagrangian of a generic interaction involving leptons (l), exotic spin-1/2 fermions (ψn) and
spin-0 bosons (φi) is given by
Lint = ψ¯n(gnilLPL + gnilRPR)lφ∗i + l¯(gni∗lL PR + gni∗lR PL)ψnφi, (3)
where summation over indices are understood unless specified. The lagrangian is given in the mass
bases and are ready to be used in calculations. However, it is important to make sure that it
transforms as a singlet under the SM gauge transformation.
In the weak bases of ψLp, ψRp, φLa and φRa, the interacting lagrangian is
Lint = (g′palLψ¯RplLφ∗La + g′palRψ¯LplRφ∗Ra) + h.c., (4)
where we denote φL(R) for the scalar fields that couple to lL(R) and subscripts p and a are the labels
of different weak fields, which may have different SU(2)×U(1) quantum numbers. It is important
to require that Lint transforms as a singlet under the SM gauge groups and quantum numbers of
ψ and φ are related (see Appendix A).
The mass bases are related to the weak bases through the following transformations
φi = U
L
iaφLa + U
R
iaφRa, ψnL(R) = V
L(R)
np ψL(R)p, (5)
where i and n are labels of mass eigenstates and U and V are the mixing matrices relating weak
and mass eigenstates. With
gnilL(R) = g
′pa
lL(R)V
R(L)
np U
L(R)
ia (6)
the interacting lagrangian is now brought into the form shown in Eq. (3), which is more convenient
and will be used in later calculations.
These interactions will induce lepton flavor violating processes at one-loop level. Penguin di-
agrams contributing to the muon anomalous magnetic moment and µ+ → e+γ are shown in
Fig. 1(a) and (b), while box diagrams contributing to the µ+ → 3e process are shown in Fig. 1(c)
and (d). Note that (i) penguin diagrams shown in Fig. 1(a) and (b) also contribute to µ+ → 3e
and µN → eN process by connecting the virtual photons or the Z bosons to electron currents and
quark currents, respectively, 1 (ii) Fig. 1(d) takes place only when ψm,n are Majorana fermions.
B. Formulas for various processes
To define our variables and to specify our convention, we collect formulas for various precesses
here. The relevant effective lagrangian in this study is
Leff = Ll′lγ + Ll′lll + Ll′lqq (7)
1 It is possible to have box diagrams with the electron line in Fig. 1(c), (d) replaced by a quark one and
contribute to µN → eN conversions in some cases. We will consider this contribution in the discussion
section.
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with l(′) = e, µ, τ and q denoting quarks. Each term will be specified in below. For l′ 6= l, we have
Ll′lγ = l¯′Lσµν lRFµνAL′R + l¯′Rσµν lLFµνAR′L + h.c., (8)
and
ALR′ = A
∗
R′L, ARL′ = A
∗
L′R. (9)
Note that in the case of l′ = l, we do not need the additional hermitian conjugated terms in Eq. (8).
These As are from the so-called F2 photonic penguin and their explicit forms will be given later.
The effective lagrangians for l¯′ → 3l decays and l′ → l conversions are [6]
Ll′lll = gR′LRL(l¯′RlL)(l¯RlL) + gL′RLR(l¯′LlR)(l¯LlR)
+gR′RRR(l¯′RγµlR)(l¯RγµlR) + gL′LLL(l¯′LγµlL)(l¯LγµlL)
+gR′RLL(l¯′RγµlR)(l¯LγµlL) + gL′LRR(l¯′LγµlL)(l¯RγµlR) + h.c., (10)
Ll′lqq =
∑
q=u,d
[gLV (q)l¯′LγµlL + gRV (q)l¯′RγµlR]q¯γµq + h.c., (11)
where
gM ′MNO ≡ e2QlgPM ′MδNO + gZM ′MgZlN δNO + gBM ′MNO,
gMV (q) = eQ
2
qg
P
M ′M +
1
2
gZM ′M (g
Z
qL
+ gZqR), (12)
for M , N , O=L, R with gPM ′M from the so-called F1 photonic penguin, g
Z
M ′M from the Z-penguin
and gBM ′MNN from box diagrams. More details and the explicit forms of these Wilson coefficients
will be given later. Note that although the above Ll′lqq is not the most generic one, it contains all
the relevant parts that are closely related to Ll′lll and Ll′lγ .
We now collect the formulas for various processes originated from the above Lagrangians. Com-
paring the effective lagrangians of the lepton g − 2 and the electric dipole moment (EDM), 2
Lg−2 = − eQ
4ml
∆al l¯σµν lF
µν , LEDM = − i
2
dl l¯σµνγ5lF
µν , (13)
to the generic expressions in Eq. (8), the anomalous magnetic moment and EDM of lepton l can
be readily read off as
∆al = −4ml
eQl
Re(ARL), dl = 2Im(ARL), (14)
respectively. The l¯′ → l¯γ and l¯′ → l¯l¯l decay rates are given by
Γ(l¯′ → l¯γ) = (m
2
l′ −m2l )3
4pim3l′
(
|AL′R|2 + |AR′L|2
)
(15)
and [6]
Γ(l¯′ → l¯ l¯ l) = m
5
l′
3(8pi)3
[
|gR′LRL|2
8
+ |gR′RLL|2 + 32
∣∣∣∣eAR′Lml′
∣∣∣∣2 log(m2l′m2l − 114 )
+16Re
(
eAR′Lg
∗
L′LLL
ml′
)
+ 8Re
(
eAR′Lg
∗
L′LRR
ml′
)]
+L↔ R, (16)
2 We use the convention where Dµ = ∂µ + ieQAµ with e = +|e|.
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respectively. While the l′N → lN conversion rate ratio is governed by
Bl′N→eN = ωconv
ωcapt
, (17)
with
ωconv =
∣∣∣∣A∗R′LD2ml′ + 2[2g∗LV (u) + g∗LV (d)]V (p) + 2[g∗LV (u) + 2g∗LV (d)]V (n)
∣∣∣∣2 + L↔ R. (18)
The numerical values of D, V and ωcapt are taken from [13, 14] and are collected in Appendix B.
C. Z-penguin amplitudes
The calculation of the Z-penguin amplitude is quite complicate and subtle. Some explanations
are needed.
The interaction involving a Z boson is given by
LZint = −l¯ 6Z(gZlLPL + gZlRPR)l − ψ¯Lp 6ZgZψLpψLp − ψ¯Rq 6ZgZψRqψRq
−igZφLa(φ∗La∂µφLa − ∂µφ∗LaφLa)− igZφRa(φ∗Ra∂µφRa − ∂µφ∗RaφRa) + . . . (19)
with
gZX =
e
sin θW cos θW
(T3 − sin2 θWQ)X , (20)
for X = lL(R), ψL(R)p and φL(R)a in the weak eigenstates. Since Lint transforms as a singlet under
the SM gauge group, the gZX of various fields are related through
gZlL(R) − gZψR(L) p − gZφa = 0, (21)
if the corresponding coupling g′palL(R) in Eq. (4) is non-vanishing.
Although the couplings gZψL(R),φL(R) are diagonal in the weak bases, it may have off-diagonal
terms in the mass bases. In the mass bases, the interacting lagrangian involving a Z boson is given
by
LZint = −l¯ 6Z(gZlLPL + gZlRPR)l − ψ¯m 6Z(gZψLmnPL + gZψRmnPR)ψn
−igZφ ij(φ∗i ∂µφj − ∂µφ∗iφj) + . . . (22)
with
gZφ ij = U
L
iag
Z
φLa
U †Laj + U
R
iag
Z
φRa
U †Raj , g
Z
ψL(R)mn
= V L(R)mp g
Z
ψL(R)p
V †L(R)pn . (23)
The one-loop amplitude for l→ l′Z consists of two diagrams shown in Fig. 1 and two additional
diagrams involving self-energy diagrams with Z attached to external lines. The resulting amplitude
is given by (neglecting ml, ml′ and q
2)
iM =
i
16pi2
u¯′(gmi∗l′L PR + g
mi∗
l′R PL) 6∗[(gZlLδijδmn − gZψRmnδij − gZφ ijδmn)PL
+(gZlRδijδmn − gZψLmnδij − gZφ ijδmn)PR](gnjlLPL + gnjlRPR)u
×
[
1
2
(
2
4− d − γE + ln
4pi
M2
)
− FZ(m2ψm ,m2ψn ,m2φi ,m2φj ,M2)
]
+
i
16pi2
(gZψRmn − gZψLmn)u¯′(gmi∗l′L PR + gmi∗l′R PL) 6∗(gnilLPL − gnilRPR)uGZ(m2ψm ,m2ψn ,m2φi),
(24)
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where d is the number of the space-time dimension, γE is the Eular number and FZ and GZ are
the loop functions whose explicit forms shown in Appendix B. Note that M is an arbitrary mass
parameter introduced to balance dimension. We will return to it later.
Note that the divergent part contained in the first term is indeed vanishing by requiring the
l–ψ–φ interaction Lint in Eq. (4) be invariant under the SM gauge group, i.e. we have
gmi∗l′L(R)(g
Z
lL(R)
δijδmn − gZψR(L)mnδij − gZφ ijδmn)g
nj
lL(R) = g
′pa∗
l′L(R)(g
Z
lL(R)
− gZψR(L) p − gZφa)g′
pa
lL(R) = 0,
(25)
where sum over indices are understood and Eq. (21) has been used in the last step. The non-
divergent part, namely the one with FZ , survives. Note that by the same token the dependence
on the arbitrary mass parameter M cancels. The resulting Wilson coefficients will be given later.
It is easy to see that in the non-mixing case (U = V = 1), the whole first term (including the FZ
term) is vanishing.
As a cross check, we note that the same expression of iM can be use to obtain the lowest order γ-
penguin amplitude by replacing each gZ by the corresponding eQ. Since under these replacement
(gZlL(R)δijδmn − gZψR(L)mnδij − gZφ ijδmn) → e(Ql − Qψ − Qφ)δijδmn = 0 and (gZψLmn − gZψRmn) →
e(Qψ −Qψ)δmn = 0, the corresponding u¯′ 6∗u term is vanishing as expected.
D. Wilson coefficients
Induced by the interaction given in Eq. (3) the Wilson coefficients for the effective lagrangian
in the Sec. II A are calculated to be
AM ′N =
e
32pi2
[(mlg
ni∗
l′Mg
ni
lM +ml′g
ni∗
l′Ng
ni
lN )(QφiF1(m
2
ψn ,m
2
φi)−QψnF1(m2φi ,m2ψn))
+mψng
ni∗
l′Mg
ni
lN (QφiF3(m
2
ψn ,m
2
φi)−QψnF2(m2φi ,m2ψn))], (26)
for M 6= N , but with M,N = L,R, and Fi are loop functions collected in Appendix B. The Wilson
coefficients in Eq. (12) are
gPR′R =
1
16pi2
{gni∗l′RgnilR[QψnG2(m2φi ,m2ψn) +QφiG1(m2ψn ,m2φi)]
+mψn(mlg
ni∗
l′Rg
ni
lL +ml′g
ni∗
l′L g
ni
lR)[QψnG3(m
2
φi ,m
2
ψn) +QφiG3(m
2
ψn ,m
2
φi)]}
gZR′R = −
1
16pi2m2Z sin 2θW
2κR ijmng
mi∗
l′R g
nj
lRFZ(m
2
ψm ,m
2
ψn ,m
2
φi ,m
2
φj ,m
2
Z)
− e
16pi2m2Z sin 2θW
2∆T3ψmng
mi∗
l′R g
ni
lRGZ(m
2
ψm ,m
2
ψn ,m
2
φi),
gZL′L = −
1
16pi2m2Z sin 2θW
2κL ijmng
mi∗
l′L g
nj
lLFZ(m
2
ψm ,m
2
ψn ,m
2
φi ,m
2
φj ,m
2
Z)
+
e
16pi2m2Z sin 2θW
2∆T3ψmng
mi∗
l′L g
ni
lLGZ(m
2
ψm ,m
2
ψn ,m
2
φi),
gBR′LRL =
1
16pi2
F (m2ψm ,m
2
ψn ,m
2
φi ,m
2
φj )(g
mi∗
l′R g
mj
lL g
nj∗
lR g
ni
lL − 2ηgmi
∗
l′R g
mj∗
lR g
ni
lLg
nj
lL ),
gBR′RRR =
1
16pi2
[
η
2
gmi∗l′R g
mj∗
lR g
ni
lRg
nj
lRF (m
2
ψm ,m
2
ψn ,m
2
φi ,m
2
φj )
−1
4
gmi∗l′R g
mj
lR g
nj∗
lR g
ni
lRG(m
2
ψm ,m
2
ψn ,m
2
φi ,m
2
φj )
]
,
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gBR′RLL =
1
16pi2
{
− 1
4
G(m2ψm ,m
2
ψn ,m
2
φi ,m
2
φj )(g
mi∗
l′R g
mj
lR g
nj∗
lL g
ni
lL + ηg
mi∗
l′R g
mj∗
lL g
ni
lLg
nj
lR)
−1
2
gmi∗l′R g
mj
lL g
nj∗
lL g
ni
lRF (m
2
ψm ,m
2
ψn ,m
2
φi ,m
2
φj )
+
η
4
gmi∗l′R g
mj∗
lL g
ni
lRg
nj
lLG(m
2
ψm ,m
2
ψn ,m
2
φi ,m
2
φj )
}
, (27)
with
κL(R)ijmn ≡ sin 2θW (gZlL(R)δijδmn − gZψR(L)mnδij − gZφ ijδmn)/e,
∆T3ψmn ≡ V RmpT3ψRpV †Lpn − V LmpT3ψLpV †Rpn , (28)
loop functions F and G(i) shown in the Appendix B and η = 1(0) for Majorana (Dirac) fermionic
ψ. Other g can be obtained from the above ones by exchanging R and L. Note that for definiteness
we take M = mZ in FZ . As before the summation on m,n, i, j is understood.
E. Two Cases
We consider two complementary cases.
1. Case I
In the first case, namely case I, there is no built-in cancellation mechanism. The amplitudes
may contain N different sub-amplitudes, each comes from one of the loop diagrams as shown in
Fig. 1,
A =
N∑
j=1
Aj . (29)
We will constrain parameters from data by switching various diagrams (sub-amplitudes) on one at
a time. The corresponding Wilson coefficients of a typical sub-amplitude can be obtained by using
formulas in Sec. II D, but with the replacement,
gnilM → glM , (30)
with all summation on n and l suspended. Since there is no built-in cancellation in this case,
different sub-amplitudes are in principle independent from each other. Although it is likely to have
various amplitudes to appear at the same time in a realistic model calculation and to interfere
with each others, the interference effects only become important if the amplitudes are of similar
size. Hence, our analysis not only is valid when the sizes are different (hence, constraining the
most dominant amplitude), but can also provide information on regions where interference may be
important.
2. Case II
In case II, there is a built-in cancellation such as a GIM or a super-GIM mechanism in the NP
sector. This case is complementary to the previous one. Some of the sub-amplitudes in Eq. (29)
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are intimately related. We have to group them to allow the cancellation mechanism to do its job
first. The grouped amplitudes should be viewed as new sub-amplitudes and we will turn them on
one at a time to constrain their sizes from data. To be specify, we consider
gnilM → gilM = glMΓilM , (31)
where we have M = L,R and glM is real as the phase is absorbed into Γ. Note that the matrix Γ is
similar and related to the mixing matrix U , but is not identical to it. These Γ satisfy the following
relations:
Γ†liMm
2
iΓ
il′
N = (m
2
φ)
ll′
MN , Γ
†li
MΓ
il′
N = δ
ll′δMN . (32)
A typical expression of Wilson coefficients given in Sec. II D is transformed in the following way:∑
i
gi∗µMf(m
2
ψ,m
2
φi)g
i
eN → m2φ
∂
∂m2φ
f(m2ψ,m
2
φ)gµMgeNδ
MN
µe , (33)
where m2φ is the average mass squared of φi and the mixing angle δ
MN
µe is defined in the usual way
to be [10]
δMNµe ≡
1
m2φ
ΓM†µi (m
2
φi −m2φ)ΓNie =
(m2MNφ )µe
m2φ
. (34)
The Wilson coefficients in this case can be obtained readily by applying the above replacements to
the generic formulas collected in Sec. II D.
Note that in the Z penguin amplitude the zeroth and first order terms in the κL(R)FZ part are
vanishing. The leading order contribution is at the level of δLRδRL, which is beyond the accuracy
of the present analysis and are neglected.
III. RESULTS
Numerical results in cases I and II are given in this section. Unless specified explicitly, experi-
mental inputs are taken from Table 1 and Ref. [2].
A. Case I
In Fig. 2 we show the allowed parameter space for Qφ,ψ|gµL(R)|2/m2ψ and Qφ,ψRe(g∗µRgµL)/mψ
constrained by the measured ∆aµ with exclusion of |gµL(R)|2, |gµLgµR| > 4pi and mψ,φ < 100 GeV. 3
The latter requirements are to ensure perturbativity and to satisfy the experimental bounds on
the masses of exotic particles [2]. Bands denoted with φ or ψ are allowed regions obtained through
3 It is easy to see that |gµL(R)|2 > 4pi and mψ < 100 GeV implies |gµL(R)|2/m2ψ > 4pi/(100)2
GeV−2 and |gµLgµR|2/mψ > 4pi/100 GeV−1, while |gµL(R)|2 > 4pi and mφ < 100 GeV implies
|gµL(R)|2/m2ψ = (|gµL(R)|2/m2φ) × (mφ/mψ)2 > 4pi/(100)2 × (mφ/mψ)2 GeV−2 and |gµLgµR|2/mψ >
(4pi/100) × (mφ/mψ) GeV−1. These excluded regions are shown by shaded areas with horizontal or
inclined boundaries.
9
DaΜ allowed
4ΠH100 GeVL2
Φ
Ψ
0.01 0.1 1 10 1001´10
-5
5´10-5
1´10-4
5´10-4
0.001
0.005
0.010
mΦmΨ
±
Q Φ
,
Ψ
Èg
Μ
R
HL
L
2 
m
Ψ
2 H
G
eV
-
2 L
(a)
DaΜ allowed
dΜ proposed
dΜ excluded
4ΠH100 GeVL
Φ Ψ
Φ
Ψ
10-5 0.001 0.1 10 1000
10-8
10-6
10-4
0.01
1
mΦmΨ
±
Q Φ
,
Ψ
R
eHg Μ
R
*
g Μ
LLm
Ψ
HGe
V
-
1 L
ÈQΦ,Ψ ImHgΜR*gΜLLÈ  mΨHGeV-1L
(b)
FIG. 2: (a) Allowed parameter space for ±Qφ,ψ|gµL(R)|2/m2ψ constrained by ∆aµ (bands with
solid or dashed lines) with exclusion of |gµL(R)|2 > 4pi and mψ,φ < 100 GeV (shaded regions with
dot-dashed lines). (b) Allowed parameter space for ±Qφ,ψRe(g∗µRgµL)/mψ constrained by ∆aµ
with exclusion of |gµLgµR| > 4pi and mψ,φ > 100 GeV. Excluded parameter space (shaded regions
with solid or dashed lines) of |Qφ,ψIm(g∗µRgµL)|/mψ from the muon EDM bound and the expected
sensitivity are also shown.
contributions from diagrams with φ or ψ interacting with a photon [see Fig 1(a) and (b)]. Excluded
parameter space of |Qφ,ψIm(g∗µRgµL)|/mψ confronting the muon electric dipole moment (EDM)
bound [2] is also shown in Fig. 2(b).
From Fig. 2(a), we see that the allowed regions on Qφ|gµL(R)|2/m2ψ and −Qψ|gµL(R)|2/m2ψ are
similar and the signs of Qφ,ψ are constrained by data. Note that the allowed parameter space is
quite limited. Indeed, it is almost closed by the bounds from |gµL(R)|2 < 4pi and mψ > 100 GeV
and mφ > 100 GeV. The allowed region is around ±Qφ,ψ|gµL(R)|2/m2ψ ' 10−4 ∼ 10−3 GeV−2 and
mφ/mψ ' 0.3 ∼ 3, which implies that for mφ,ψ of a few hundred GeV, the couplings Qφ,ψ|gµL(R)|2
are required to be of order O(1) ∼ O(10), which are rather large, and are even larger for heavier
mφ,ψ. To see it in another way, if we take the size of gµL(R) to be similar to that of the electric
coupling e, we need mφ,ψ to be as light as 10 to 30 GeV to reproduce the experimental result on
∆aµ. Thus, it is unlikely to use a chiral type interaction (gµL× gµR = 0) to generate the measured
∆aµ.
From Fig. 2(b), we see that the allowed parameter space is substantially larger. To reproduce
the measured ∆aµ, the mass ratio has to be in the range of O(10−5) <∼ mφ/mψ <∼ O(102,3), which
is much wider than the one in Fig. 2(a). We note that the bands of the allowed parameter space
behave rather differently in two regions roughly separated by mφ/mψ = 0.1. (i) For mφ/mψ <∼ 0.1,
the horizontal bands denoting the allowed parameter region for ±Qφ,ψRe(g∗µRgµL)/mψ are around
4 × 10−6 GeV−1. They are insensitive to mφ/mψ, since the chiral enhancement factor mψ/mµ
compensates the suppression from the heavy ψ mass. Note that mφ/mψ can be as low as 3×10−5,
which implies that mψ up to 3 × 103 TeV is still capable to reproduce the measured ∆aµ in the
extreme case, where we have a light φ [mφ = O(100) GeV] and large couplings [|gµLgµR| = O(4pi)].
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FIG. 3: (a)-(d): Parameter space excluded (projected) by various bounds (expecting sensitivities)
on µ LFV processes through contributions from photonic penguins. Note that solid, dashed, dot-
dashed and short-dashed lines denote results from µ → eγ, µ → 3e, µTi → eTi and µAu(Al) →
eAu(Al) processes, respectively. (e) and (f): Same as (a)-(d), but through contributions from
Z-penguins.
(ii) For mφ/mψ >∼ 0.1, the allowed bands raise with the mass ratio. The muon g−2 is more sensitive
to the diagram with ψ interacting with a photon [as depited in Fig. 1(b)] than to the other diagram,
hence, the constraint on −QψRe(g∗µRgµL)/mψ is severer than the one on +QφRe(g∗µRgµL)/mψ.
Indeed in the large mφ/mψ region, the suppressions from a large φ mass should be larger in
diagrams with φ interacting with a photon and, hence, they require larger couplings to compensate
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FIG. 4: (a)-(d): Parameter space excluded (projected) by various bounds (expecting sensitivities)
on µ LFV processes through contributions from Z penguins with different choices of mass ratios.
Note that dashed, dot-dashed and short-dashed lines denote results from µ→ 3e, µTi→ eTi and
µAu(Al)→ eAu(Al) processes, respectively. Note that these plots also apply to the R↔ L cases.
the effect. We see that the mass ratio mφ/mψ can go up to 200 (1000) along the φ (ψ) band, which
corresponds to allowing mφ to be as large as 20 (100) TeV in the extreme situation.
As noted previously, in Fig. 2(b) we also show the excluded region of |Qφ,ψIm(g∗µRgµL)|/mψ
from the muon EDM bound. We see that the bound is three order of magnitude higher that the
allowed ±Qφ,ψRe(g∗µRgµL)/mψ bands. To constrain the former to the level of the latter, the EDM
sensitivity needs to be improved. In fact, some proposed EDM searches (see, for example [11]) are
aim at a 4 to 5 order of magnitude improvement on the sensitivity and may be able to probe the
imaginary part of g∗µRgµL better than its real part.
We now turn to µ LFV processes, including µ → eγ, µ → 3e, µTi → eTi and µAu(Al) →
eAu(Al) transitions. In Fig. 3 and 4, we show the parameter space excluded by various bounds
and the one corresponding to projections from the expected sensitivities on these µ LFV processes,
through contributions from photonic and Z penguin diagrams. To be specific, for the proposed
sensitivities, the conservative values of the future sensitivities quoted in Table 1 are used. Note
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FIG. 5: Ratios of rates contributed from photonic penguins.
that the photonic penguins contribute to µ→ 3e and µN → eN through the so-called F2 penguin,
which is similar to those contributing to ∆aµ and µ → eγ, and the F1 penguin, while the Z-
penguins only contribute to µ → 3e and µN → eN decays. Note that the Z-penguin amplitudes
contribute through the |gµR(L)geR(L)∆T3ψ| and |gµR(L)geR(L)κR(L)| parts. The former contribution
is a function of the mass ratio mφ/mψ, while the latter one depends on both φ and ψ masses. The
resulting constraints are plotted in Fig. 3(e), (f) and 4. It should be noted that Fig. 3 and 4 can
still be useful if the experimental bounds change. For example, if a bound is reduced by a factor
of k, the new plot can be easily updated by reducing the present plot by a factor of
√
k.
Note that the combinations of couplings |Qφ,ψgµR(L)geR(L)|, |Qφ,ψgµR(L)geL(R)| (from photonic
penguin) and |gµR(L)geR(L)∆T3ψ|, |gµR(L)geR(L)κL(R)| (from Z penguin) have different sensitivities
on the experimental constraints and the sensitivities change with mψ,φ. For heavier mφ,ψ, the
contributions from the photonic penguins decrease and the Z-penguin contributions, where the
non-decoupling effect is working, dominate. By comparing Fig. 3(a), (b) to Fig. 3 (e), (f) and 4, 4
we find that (i) in the range of mψ <∼ O(100) GeV the photonic penguin contributions dominate over
4 Note that the plotted quantities in these figures have different powers of mψ.
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FIG. 6: Constraints on parameters which contribute through box diagrams to the µ+ → 3e process.
Solid lines denote the µ → 3e constraint or expectation in the Dirac case, while the dashed lines
denote the Majorana case. Note that these plots also apply to the R↔ L cases.
the Z-penguin ones, (ii) in the range of the O(100) GeV <∼ mψ <∼ O(100) TeV, the photonic penguin
contributions from the Qφ,ψgµR(L)geL(R) terms dominates over the Z penguin contributions, which
are, however, still larger than the photonic penguin contributions from the Qφ,ψgµR(L)geR(L) part,
and for (iii) mψ >∼ O(100) TeV the Z penguin contributions dominate. The role which Z penguin
plays is emphasized in [12].
Since NP contributions to ∆aµ and the µ
+ → e+γ decay are from similar diagrams, it will be
useful to compare them. Using Fig. 2(b), 3(c) and 3(d), the present data on ∆aµ and B(µ+ → e+γ)
lead to
gµR(L)geL(R)
gµRgµL
=
geL(R)
gµL(R)
≤ 6.1× 10−5 ' λ6, (35)
where we define λ ≡ 0.2. This ratio is much smaller than any known coupling ratio and mixing
angle among the first and second generations. For example, the mass ratio me/mµ ∼ λ3∼4, quark
mixing in CKM matirx Vud = sin θc ∼ λ, neutrino mixing sin θν12 ∼
√
λ are all larger than the
estimated geL(R)/gµL(R) coupling ratio. It seems that the present case is unnatural.
We see from Fig. 3(a)-(d) that the present bound from µ → eγ surpasses all other bounds. In
particular, even the parameter space to be probed by the proposed µ → 3e sensitivity is mostly
excluded by the present µ → eγ bound. This can be understood by using Fig. 5, where rate
ratios of various modes through photonic penguins are given. We see that the ratios of LFV rates
with respect to the µ → eγ rate are all less than unity. Furthermore, we recall that the present
experimental bounds on LFV rates are of similar orders of magnitudes (see Table 1). Therefore,
the present bound on the µ→ eγ rate provides the most severe constrain.
Taking a closer look at Fig. 5, we see that, from Fig. 5 (a) and (b), the |Qφ,ψgµR(L)geR(L)| terms
give B(µ→ eγ) > B(µN → eN) >∼ B(µ→ 3e) and, from Fig. 5 (c) and (d), the |Qφ,ψgµR(L)geL(R)|
terms give B(µ → 3e)/B(µ → eγ) ' 0.006, B(µTi → eTi)/B(µ → eγ) ' 0.004 and B(µAl →
eAl)/B(µ → eγ) ' 0.003, where the first ratio is consistent with Ref. [6]. Hence, for gµR(L)geL(R)
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dominating models, the latest MEG bound implies
B(µ+ → e+e+e−) ' 0.006× B(µ+ → e+γ) <∼ 1.4× 10−14,
B(µN → eN) ' O(10−3)× B(µ+ → e+γ) <∼ O(10−15), (36)
for N =Au, Al and Ti. The above expecting limits are about two to three orders of magnitudes
below the present experimental sensitivities (see Table I) and make the searches on LFV in the
muon sector challenging in this case.
As noted in Sec. II A, it is possible to have box diagrams with the electron line in Fig. 1(c), (d)
replaced by a quark one and contribute to µN → eN conversions in some cases. The correlation to
the µ→ 3e rate will be modified. We will discuss more on this situation in the discussion section.
Note that Z-penguins give different rate ratios (not shown in Fig. 5), with B(µAl→ eAl)/B(µ→
3e) ' 10, B(µTi → eTi)/B(µ → 3e) ' 20 and B(µAu → eAu)/B(µ → 3e) ' 40 roughly indepen-
dent of the masses mφ,ψ. This pattern is different from the photonic penguin case as shown Fig. 5.
These rate ratios will be useful for identifying the underlying NP contributions.
In Fig. 6, we show the constraints on parameters which contribute through box diagrams, as
depicted in Fig. 1 (c) and (d), to the µ+ → 3e process. Both Dirac and Majorana cases are shown.
We see in Fig. 6 (a) that there is cancellation in the Majorana case and the sensitivity on the
parameters is relaxed.
Note that constraints on the same combinations of parameters can be obtained from penguin
processes, including µ → eγ, ∆ae, EDM, and the purturbative bounds, as well. They are also
shown in Fig. 6. We see that these constraints are usually much stronger than the ones from the
box diagrams, except for |gµR(L)geR(L)geR(L)geR(L)|/m2ψ in the low mφ/mψ region. In particular,
the µ→ eγ, ∆ae and the electron EDM constrain (Qφ,ψ|gµR(L)geL(R)|/mψ)(Qφ,ψgeR(L)geL(R)|/mψ)
much deeper than |gµR(L)geR(L)geL(R)geL(R)|/m2ψ from the box diagrams. Hence, in general, these
box diagrams do not play a major role in the µ+ → 3e decay.
B. Case II
We now turn to case II. In Fig. 7, the allowed regions for ∓Qφ,ψgµRgµLRe(δRL)µµ/mψ con-
strained by the measured ∆aµ, with exclusions of |gµLgµRδRL| > 4pi and mψ,φ < 100 GeV, are
shown. Excluded and projected parameter space of |Qφ,ψgµRgµLIm(δRL)µµ|/mψ from the muon
EDM bound and the expected sensitivity are also given on the same plot. For the plots of the
allowed regions for ±Qφ,ψ|gµL(R)|2/m2ψ, one is referred to Fig. 2(a), as they are common in both
cases. .
Comparing Fig. 7 to Fig. 2(b), we see that the allowed parameters in the upper mφ/mψ region
are similar. In contrast, they are relaxed substantially in the lower mφ/mψ region in the present
case. To reproduce the measured ∆aµ, we need to have O(10−2) <∼ mφ/mψ <∼ O(102,3), where the
minimum of the mass ratio is much higher than the one in the previous case. Recall that in case
I, for mφ/mψ <∼ 0.1, the allowed parameter region for ±Qφ,ψRe(g∗µRgµL)/mψ are horizontal bands
around 4×10−6 GeV−1 and mφ/mψ can be as low as O(10−5). From Fig. 7, we see that as we move
downward along the mφ/mψ axis, the bands for the allowed regions for ∓Qφ,ψgµRgµLRe(δRL)µµ/mψ
bend upward in the low mass ratio region (mφ/mψ < 1) and the above parameters can be as large
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FIG. 7: Allowed parameter space for ∓Qφ,ψgµRgµLRe(δRL)µµ/mψ constrained by ∆aµ with ex-
clusion of |gµLgµRδRL| > 4pi and mψ,φ > 100 GeV. Excluded parameter space (shaded regions with
solid or dashed lines) of |Qφ,ψgµRgµLIm(δRL)µµ/mψ| from the muon EDM bound is also shown.
as 10−3 GeV−1, which is three orders of magnitude higher than those in case I. We also note that
the mass ratio mφ/mψ cannot be smaller than 10
−2 as the bands quickly run into the shaded
rigions, which correspond to the excluded mφ < 100 GeV and |gµRgµLRe(δRL)µµ| > 4pi regions.
In the present case, the mass of ψ cannot be larger than a few tens TeV, while in case I it can
be as high as few thousand TeV in the extreme situation. The built-in cancellation mechanism
reduces the amplitudes effectively and a too heavy ψ is incapable to produce a large enough ∆aµ.
The effect of the cancellation is important in the low mφ/mψ region and, consequently, relaxes the
constraints on parameters. In fact, we expect to see the very feature in other penguin contributing
channels as well.
In Fig. 8, we show the constrained and projected parameter space through penguin contributions
by considering the experimental bounds and the proposed sensitivities. 5 We note that the photonic
penguin contributions via the δRL term dominate over other contributions for mψ below O(103)
TeV. For mψ beyond that the Z-penguin contribution takes over. However, from the previous
discussion on the muon anomalous magnetic moment, we see that to account for the measured ∆aµ,
mψ cannot be heavier than few tens TeV. Hence, the Z-penguin contribution will be subdominant
in this case.
By comparing the constraints from ∆aµ and B(µ → eγ) as shown in Fig. 7, 8(c) and 8(d), we
obtain
gµR(L)geL(R)Re[(δRL(LR))µe]
gµRgµLRe[(δRL)µµ]
=
geL(R)
gµL(R)
Re[(δRL(LR))µe]
Re[(δRL)µµ]
≤ 4.2× 10−5 ' λ6. (37)
If we estimate geL(R)/gµL(R) by using the lepton mass ratio me/mµ ∼ λ3∼4, we see that a mixing
angle ratio of Re[(δRL(LR))µe]/Re[(δRL)µµ] <∼ λ2∼3, which is not unnatural, can easily satisfy the
above bound. In this respect, case II is more reasonable and natural than case I, where the coupling
ratio is highly hierarchical [see, Eq. (35)].
5 For Z penguin contributions, only those from ∆T3ψ are shown, since the κL(R) ones are highly suppressed.
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FIG. 8: Same as Fig. 3, but now in case II.
It is interesting to see from Fig. 8 that the µ→ eγ bound is not always the most stringent one.
The bounds from µ → 3e and µN → eN in Fig. 8(a) are almost the same as those in case I [see
Fig. 3(a)], but the bound from µ → eγ is relaxed up to more than two orders of magnitudes in
the low mφ/mψ region and becomes less severe than other bounds. Similarly, comparing Fig. 8(c)
with Fig. 3(c), we see that in the low mφ/mψ region both bounds from µ → eγ and µ → 3e are
relaxed up to three orders of magnitudes, while the changes on those from µN → eN are mild. We
can infer that, similar to the ∆aµ case, the F2 (photonic) penguin amplitudes exhibit cancellations
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FIG. 9: Same as Fig. 5, but in case II.
in amplitudes in the low mφ/mψ region and relax the constraints from µ→ eγ significantly, while
the cancellations in the F1 penguin contributions in µ→ 3e and µN → eN processes are mild. As
a result the bounds from µN → eN approach the µ→ eγ bound in this case, while in the previous
case these two bounds are always apart.
The ratios of photonic penguin contributing rates plotted in Fig. 9, show that B(µN →
eN)/B(µ → eγ) and B(µ → 3e)/B(µ → eγ) are enhanced compared with those in Fig. 5.
In Fig. 9(a) we see that the ratios can be enhanced up to three orders of magnitudes, in
Fig. 9(c) the B(µN → eN)/B(µ → eγ) ratio is enhanced by one order of magnitude, while the
B(µ → 3e)/B(µ → eγ) ratio does not change much. It is very interesting that the rate ratio
B(µN → eN)/B(µ→ eγ) from the gµR(L)geL(R) term is enhanced and different from case I.
We see in Fig. 8 that parameters with δRL [as shown in (c) and (d)] are most constrained by
data. It is likely that these parameters give dominate contributions to LFV processes. Using
Fig. 9(c) and (d) we find that the present bound on µ→ eγ allows
B(µN → eN) <∼ 10−13, (38)
which is close to the present bounds (see Table I). Therefore, the search on these processes could
be very interesting.
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FIG. 10: Same as Fig. 6, but in case II.
In Fig. 10, we show the constraints on parameters which contribute through box diagrams to
the µ+ → 3e process in this case. Although we also see some relaxations on parameters, the main
conclusion remains similar to that in case I.
IV. DISCUSSIONS
A. Flavor violating Z-decays
Lepton flavor violating Z → µ∓e± decays are highly related to µ→ 3e, µ→ eγ and µN → eN
processes via the Z penguin contributions. The Z → l′ l¯ decay rate is given by
Γ(Z → l′ l¯) = m
5
Z
24pi
(|gZL′L|2 + |gZR′R|2), (39)
where the dimensionful coefficient gZM ′M is the same one used in Eq. (12). Using Eq. (39) and
the results in the previous section, we find that the present bounds from µ → 3e, µTi → eTi and
µAu→ eAu processes constrain
B(Z → µ∓e±) ≤ 4× 10−13, 7× 10−14, 6× 10−15, (40)
respectively. Note that the above equation holds in both case I and II. In any case, these constraints
are far below the present limit, B(Z → µ∓e±) ≤ 1.7× 10−6.
B. Box diagrams involving quarks
Form the explicit assignment of gauge quantum numbers of ψ and φ as shown in Appendix A,
we see that it is possible to have φ couples to quarks [see Eq. (A5)]. These interaction can generate
additional contributions to µN → eN conversion precesses through box diagrams similar to those
in the µ→ 3e ones as shown in Fig. 1(c) and (d), but with the (lower) electron line replaced by a
quark line.
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FIG. 11: Allowed parameter space for |gµLgeL|2(|gu|2 + |gd|2)/m2ψ constrained by µ → e conver-
sion data. Note that dot-dashed and short dashed lines denote constraints from µTi → eTi and
µAu(Al)→ eAu(Al) conversion bounds, respectively.
To have interaction with quarks, only rather specific choices of ψ and φ gauge quantum numbers
are allowed (see Appendix A). In particular, the case of ψR : (1, 1, 1) and φL : (1, 2,−1/2) are of
interest, for the fermion field is a SM singlet. In below we will use this case to illustrate the
contributions from the additional box diagrams.
The interacting lagrangian in this case is
Lint = glLψ¯RLLiφ∗Li + guQ¯LiuRφLi + gdQ¯LidRijφ∗Lj + h.c., (41)
where QL and LL are the quark and lepton doublets, respectively. Note that only the lower
components of LL and φL are relevant to this analysis. The box diagrams give
gRV (q) = 0, gLV (d) = 0, (42)
and
gLV (u) =
1
16pi2
{
− 1
8
G(m2ψ, 0,m
2
φ,m
2
φ)(g
∗
eLgµL)(g
∗
ugu + g
∗
dgd)
}
, (43)
where quark masses have been neglected. Note that the box diagrams also give the so-called
gLP (u) term, which, however, does not contribute to conversion rates [13]. The resulting µN → eN
conversion rates can be calculated using Eq. (18).
Experimental limits on conversion rates are used to constrain couplings and masses. The result
is shown in Fig. 11. The correlation between µN → eN conversions and the µ+ → 3e decay are
lost. In fact, we see that the constraints on |gµLgeL|(|gu|2 + |gd|2)/m2ψ from present limits on µ→ e
conversion rates are similar to the constraints on |gµLgeL||geLgeL|/m2ψ from the µ+ → 3e bound
(see Fig. 6). Therefore, we may be able to see µN → eN conversions sooner than the µ+ → 3e
decay, if gu,d is larger than geL, and vice versa. The µN → eN conversion rates need not be highly
suppressed as noted in Sec. III A.
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C. Some other cases
A similar analysis can be preformed by replacing the spin-0 particle by a spin-1 one in the loops.
It will be interesting to compare it to the present work. However, gauge invariant and triplet vector
couplings will complicate the analysis. The study will be given else where.
We expect to find results similar to case II, but with cancellation at work in low mψ region, if
we introduce the built-in cancellation mechanism in the ψ sector, instead of in the φ sector.
V. CONCLUSIONS
In conclusion, we use a model independent approach in this analysis, where these processes are
considered to be loop-induced by exchanging spin-1/2 and spin-0 particles. We explore two com-
plementary cases, which has no or has an internal (built-in) cancellation mechanism in amplitudes.
Our main results are as follows:
(a) Bounds from rates are used to constrain parameters, such as coupling constants and masses.
These constraints can be easily updated by simple scalings, if the experimental situations
change.
(b) The muon g − 2 data favors non-chiral interactions.
(c) In µ+ → e+e−e− and µ−N → e−N processes, the Z-penguin diagrams may play some role,
while the box diagrams contributions to the µ+ → e+e−e− rate are usual highly constrained.
(d) Z-penguin contributions can be constrained from µ+ → e+γ and µ−N → e−N bounds. It
can then be used to constrain the Z → e∓µ± rate by 7 to 8 orders of magnitudes lower than
the present experimental bound.
(d) In the first case (without any built-in cancellation mechanism), using the recent µ+ → e+γ
bound, we find that µ+ → e+e−e− and µ−N → e−N rates are bounded below the present
experimental limits by two to three orders of magnitudes in general. In some cases, the
above expectation on low µ−N → e−N rates can be relaxed, as additional box diagrams
involving quarks contribute to µ−N → e−N processes.
(e) Furthermore, by comparing ∆aµ and B(µ→ eγ) data, the couplings of gµ and ge are found
to be highly hierarchical [see Eq. (35)]. Additional suppression mechanism should be called
for.
(f) In the second case (with a built-in cancellation mechanism), mixing angles can provide
additional suppression factors to satisfy the ∆aµ and B(µ→ eγ) bounds without relay only
on highly hierarchical ge and gµ couplings.
(g) In addition, although the µ+ → e+e−e− rate remains suppressed, the bounds on µ−N →
e−N rates, implicated from the MEG µ+ → e+γ bound, can be relaxed significantly in the
second case and can be just below the present experimental limits.
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TABLE II: Some examples for the assignment of the quantum numbers of ψL,R and φL,R.
ψR φL ψL φR
(1, 1, YR) (1, 2, YR − 12) (1, 1, YL) (1, 1, YL − 1)
(1, 2, YR) (1, 1, YR − 12) (1, 2, YL) (1, 2, YL − 1)
(3(3¯), 1, YR) (3¯(3), 2, YR − 12) (3(3¯), 1, YL) (3¯(3), 1, YL − 1)
(3(3¯), 2, YR) (3¯(3), 1, YR − 12) (3(3¯), 2, YL) (3¯(3), 2, YL − 1)
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Appendix A: Gauge quantum numbers of φ and ψ
The ψ − φ− l lagrangian,
Lint = g′L(ψ¯Rφ∗L)i(LL)i + g′Rψ¯Lφ∗RlR + h.c., (A1)
where i is the weak isospin index, is gauge invariant under the SM gauge transformation. Recall
that the lepton quantum numbers under SU(3)×SU(2)×U(1) are given by
LL : (1, 2,−1
2
), lR : (1, 1,−1). (A2)
The gauge invariant requirement implies that we must have the following quantum number assign-
ments for these combinations:
ψ¯Rφ
∗
L : (1, 2,
1
2
), ψ¯Lφ
∗
R : (1, 1, 1). (A3)
Consequently, the gauge quantum numbers of ψ and φ are related as following:
ψR : (cR, 2IR + 1, YR), φL : (c¯R, 2(IR ± 1
2
) + 1, YR − 1
2
),
ψL : (cL, 2IL + 1, YL), φR : (c¯L, 2IL + 1, YR − 1). (A4)
Some examples for the assignments of the quantum numbers of ψL,R and φL,R are given in Table II.
Note that in the cases of IR = 0, YR = 0 and IL = 1/2, YL = 1/2, φL and φR can couple to
quarks, respectively, through
Q¯LiuRφLi, Q¯LidRφRi, Q¯LiuRijφ
†
Rj , Q¯LidRijφ
†
Lj , (A5)
where ij is the antisymmetric tensor. It is easy to see that the above terms are indeed gauge
invariant by using Q¯LqR : (1, 2,−1/6 +Qq) and Eq. (A4).
Appendix B: Loop functions and input parameters
The loop functions used in this work are defined as
F1(a, b) =
1
12(a− b)4
(
2a3 + 3a2b− 6ab2 + b3 + 6a2b ln b
a
)
,
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TABLE III: Parameters of overlap integrates and total capture rates ωcapt taken from [13, 14].
D(m
5/2
µ ) V (p)(m
5/2
µ ) V (n)(m
5/2
µ ) ωcapt(10
6s−1)
27
13Al 0.0362 0.0161 0.0173 0.7054
48
22Ti 0.0864 0.0396 0.0468 2.59
197
79 Au 0.189 0.0974 0.146 13.07
205
81 Tl 0.161 0.0834 0.128 13.90
F2(a, b) =
1
2(a− b)3
(
−3a2 + 4ab− b2 − 2a2 ln b
a
)
,
F3(a, b) =
1
2(a− b)3
(
a2 − b2 + 2ab ln b
a
)
,
G1(a, b) =
1
36(a− b)4
(
−(a− b)(11a2 − 7ab+ 2b2)− 6a3 ln b
a
)
,
G2(a, b) =
1
36(a− b)4
(
−(a− b)(16a2 − 29ab+ 7b2)− 6a2(2a− 3b) ln b
a
)
,
G3(a, b) =
1
36(a− b)5
(
−(a− b)(17a2 + 8ab− b2)− 6a2(a+ 3b) ln b
a
)
,
FZ(a1, a2, b, b, c) = − a1(2
√
a1a2 − a1)
2(a1 − a2)(a1 − b) ln
a1
c
+
a2(2
√
a1a2 − a2)
2(a1 − a2)(a2 − b) ln
a2
c
− b(2
√
a1a2 − b)
2(a1 − b)(a2 − b) ln
b
c
FZ(a, a, b1, b2, c) = −3
4
+
a2
2(a− b1)(a− b2) ln
a
c
− b
2
1
2(a− b1)(b1 − b2) ln
b1
c
+
b22
2(a− b2)(b1 − b2) ln
b2
c
,
GZ(a1, a2, b) =
a1
√
a1a2
(a1 − a2)(a1 − b) ln
a1
b
− a2
√
a1a2
(a1 − a2)(a2 − b) ln
a2
b
,
F (a, b, c, d) =
b
√
ab
(a− b)(b− c)(b− d) ln
b
a
− c
√
ab
(a− c)(b− c)(c− d) ln
c
a
+
d
√
ab
(a− d)(b− d)(c− d) ln
d
a
,
G(a, b, c, d) = − b
2
(a− b)(b− c)(b− d) ln
b
a
+
c2
(a− c)(b− c)(c− d) ln
c
a
− d
2
(a− d)(b− d)(c− d) ln
d
a
. (B1)
Note that these loop functions are dimensionful and the dimension of G3 is different from others.
We do not have the expression of FZ(a1, a2, b1, b2, c), since in Sec. II C only a1 = a2 = a and/or
b1 = b2 = b are needed. Both expressions of FZ give identical result in the a1 = a2 = a and
b1 = b2 = b case.
The numerical values of D, V and ωcapt used in Eq. (18) are collected in Table III.
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